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Abstract

Modelling the mechanisms of epidemic spread and predicting its evolution can significantly
reduce the damage caused by a pandemic. This paper presents a review of SIR mathematical
models used for Epidemics modelling over the past years. Mathematical modelling of epidemic
spread makes an important contribution to disease control. In this review, we focus on show that
mathematical models can be used to predict the future of an epidemic process; however, models
may also have a more theoretical use as explanatory tools elucidating fundamental principles of
transmission and the factors driving epidemic behaviour. One of the simplest and most
fundamental of all epidemiological models is the so-called SIR model which is based upon
calculating.
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AHHOTAUA

MonenupoBaHHe MEXaHU3MOB PaCIpPOCTPAHEHMs SMHUAEMUU M IMPOTHO3MPOBAHUE €€ DBOIIOLUHN
MOJKET 3HAYUTENILHO YMEHBIIUTh YIIepO, MPUIUHAEMBIN NaHaeMueil. B aToii crathe npencrapicH
0030p maremaTtmueckux mozeneit SIR, wmcmonb30BaBIIMXCS JUIA MOAETHPOBAHMS SIUACMHNA 3a
MoCJIeHUE Trojbl. MareMaTHUecKoe MOJEIMPOBAHNE pPACIpPOCTPAHEHUS DIUAEMHHU BHOCUT
BaXHBIA BKJIaZ B O0ppOy ¢ OonesHsmu. B aToM 0030pe MBI COCpPEOTOYMMCS Ha TOM, YTOOBI
MOKa3aTh, YTO MaTEeMAaTHYECKHE MOJIENM MOTYT OBITh HCIOJIB30BAHBI JUIA MPOTHO3HPOBAHHS
Oyayllero SMUAEMHUYECKOro Ipolecca; OJHAKO MOAEIH MOTYyT Takke HuMeTb Ooee
TEOPETUYECKOEe MPUMEHEHHE B KadecTBE OOBSCHHUTEIBHBIX HHCTPYMEHTOB, Pa3bsCHSIOMIMX
(dyHIaMeHTalbHbIE TPHUHIMIIBI Tepefaadys W (QaKToOphbl, OINPEICISIONNe DIUIEMHYECKOe
noBegeHre. OAHOM M3 caMbIX MPOCTHIX M (YHAAMEHTAIBHBIX M3 BCEX SMHIEMHOJIOTHYECKUX
MOJIETIEN sABIIsIeTCs Tak Ha3biBaeMas MoJienb SIR, koTopas ocHOBaHa Ha pacdeTe JOJIU HaceleHHs
B KaXIOM U3 Tpex KiaccoB (Bocnpuumunsele - bonbHbIe - BeiieueHHbIE) M ONIPEeIEHHH TEMITOB
repexojia MeXIy 3TUMH Kinaccamu. [Ipencrasienst moaenu smugaemuii SIR, koTopbie sSBISIOTCS
KJIACCUYECKOM AMHIEeMUYIECKOI MOJIEIIbIO, pa3pad0TaHHON A1l MH(EKIMOHHBIX 3a00JIeBaHUM.
KiroueBsble ciioBa: Mmatematuueckoe Moaenuposanue; COVID-19; SIR; snuaemust; maHaeMust
Jdas outupoBanusi: Arxa X.P.,, Taxa A.T. MeTtomsl MaTeMaTHYECKOTO MOACIUPOBAHUS
pacnpocTpanenus snuaemuii / Hayunsiii pesynsrat. Uadopmanuonnsie Texnomoruu. — T.7, Ne4,
2022. — C. 25-33. DOI: 10.18413/2518-1092-2022-7-4-0-3
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INTRODUCTION

COVID-19 is a pandemic respiratory illness. The disease spreads from human to human and is
caused by a novel coronavirus SARS-CoV-2. The coronavirus COVID-19 was founded in almost every
country in the world. In December 2019, a pneumonia outbreak took place in Wuhan (China), as a result
of which a COVID-19 strain was first detected in a nucleic acid analysis in a patient with the pneumonia.
By the end of June 2020, the pandemic captured 188 countries, with more than 10 million of detected
infection cases, and 505,500 people have died. The 2020th year will be remembered for a long time
thanks to the emergence of a new coronavirus — COVID-19. According to the cases detected, the Russian
Federation is the third in ranking of infected countries, behind the United States and Brazil, with 484,630
infection cases by June 9, 2020 (see Table 1). At the Russian Federation, the rapid spread of coronavirus
infection COVID-19 was also recorded in. Despite the relatively low number of infected, COVID-19 was
recorded in all regions of Russia Although a peak of the disease in the world seems to have been passed,
no decrease in the number of detected cases has been observed for a sufficiently long period [1, 2].

Table
COVID-19 statistics for five leading countries in the number of cases detected by June 9, 2020 [20]
Tabnuya
Cratuctuka COVID-19 no nsatu crpanam-nuaepam 1o KOJIMYECTBY CIy4acs,
BbIsIBIICHHBIX K 9 mtons 2020 rona [20]

Infected
Country Total | New cases Deaths | Cured
USA 1961,185| 17,250 | 111,007 | 524,855
Brazil 707,412 15,654 37,134 | 396,737
Russia 485,253 8,595 6,141 | 241,917
Great Britain | 288,834 1,213 40,680 | 1,257

In particular, the first attempt to model and hence predict or explain patterns dates back over 100
years, although it was the work of Kermack and McKendrick that established the basic foundations of the
subject [3].

The SIR model developed by Kermack and McKendrick is widely used to describe epidemics,
which is based on a scheme of epidemic transition of basic variables from one category to another. The
variables used as basic variables are those that denote the number of individuals: those susceptible (S)
become infected (1), then recover (R). The SIR model is represented by a system of 1st order coupled
differential equations that describe the time dependence of the underlying concepts, where the coupling is
given by conditions that stipulate the sum of the variables and their derivatives. Models which implement
the concept of epidemic transition have gained wide popularity and development, so the SIR class of
models today also contains varieties: SIRS, SEIR, SIS, MSEIR, etc. [4].

MATHEMATICAL MODELING

The COVID-19 hit the world hard. Much research is still ongoing to study the effect and spread of
COVID-19 along with producing the vaccine and cure. Over the last years, an intensive worldwide effort
is speeding up the developments in the establishment of a global surveillance network for combating
pandemics of emergent and re-emergent infectious diseases. Scientists from different fields extending
from medicine and molecular biology to computer science and applied mathematics have teamed up for
rapid assessment of potentially urgent situations. Toward this aim mathematical modeling plays an
important role in efforts that focus on predicting, assessing, and controlling potential outbreaks [5].
Mathematical modeling has become a powerful and important tool to understand infectious disease
dynamic behavior and to improve control of the disease in. a population. These models are often
described by many forms such as: SlI, SIS, SIR, or SIRS models, where S stands for susceptible
subpopulation, I is infected subpopulation, and R is recovered subpopulation, as shown in figure.
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SI — signifies fatal infection
SIR — recovery after infection
SIS — no immunity elicited

Fig. SIR Models Structure
Puc. Ctpykrypa mozeneii SIR

THE SIR MODEL

One of the simplest, yet powerful, disease models is the standard Susceptible-Infected Recovered
(SIR) model, which was first introduced by Kermack and McKendrick. For decades, the standard SIR
model has been extended to various forms by adding different compartments to suit the biological,
spatiotemporal and social aspects of the disease dynamics or to study the impact of intervention strategies
on the disease transmission dynamics in different communities. For instance, it has been extended to SIR
models with diffusion, contaminated environment, delay terms, several strains of infection, and multiple
routes of infection [6].

The SIR model is a classical model of disease transmission within a population. It can be modified
to account for several important population dynamics, such as death rate, immigration or birth rate,
recovery, and immunity - but even the most basic model has powerful public health applications. Here we
examine the most basic model, a good starting point for further study. We assume disease spread depends
on population size; infection is instantaneous; no one is resistant to the disease at the start; immunity,
once gained, is permanent; and that the disease is not fatal.

The fundamental relation of the SIR model is the following:

N = S(v) + I(t) + R(¢), (1)

where N is the total population size, taken to be constant; S(t) is the size of the susceptible population; I(t)
is the size of the infected population; and R(t) is the size of the removed population.

The SIR model works by placing all individuals in the population into one of three classes at any
given time: individuals susceptible to disease, infected individuals, and "removed" individuals. The
removed class counts those individuals that are not infected and not susceptible; in other words, immune,
quarantined, or dead individuals. The SIR model can be modified to account for change in overall
population over time; here, however, we look at a model with a constant population. This assumption is
reasonable for low mortality epidemics which run their course much faster than a human population can
reproduce [7].

In a standard SIR model, the host population is divided into susceptible, infected and recovered
individuals, denoted by S(t), I(t) and R(t), respectively. These quantities track the numbers of individuals
in each compartment over different time periods. The standard SIR model without birth and death is
represented by the set of ordinary differential equations:
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ds dl dR
E+E+E—D, (2)

The SIR model is a classical model of disease transmission within a population. It can be modified
to account for several important population dynamics, such as death rate, immigration or birth rate,
recovery, and immunity - but even the most basic model has powerful public health applications. Here we
examine the most basic model, a good starting point for further study. We assume disease spread depends
on population size; infection is instantaneous; no one is resistant to the disease at the start; immunity,
once gained, is permanent; and that the disease is not fatal.

The SIR model works by placing all individuals in the population into one of three classes at any
given time: individuals susceptible to disease, infected individuals, and "removed" individuals. The
removed class counts those individuals that are not infected and not susceptible; in other words, immune,
quarantined, or dead individuals. The class is significant; in other SIR model variants, it can account for
both permanent or temporary immunity acquired from vaccination or from having the disease. Again,
however, we choose to use the simplified model where immunity (or lack of susceptibility) is permanent,
and describe the recovery rate as the parameter . Our assumption is a reasonable one for diseases like u,
for which vaccines have been developed only recently and which generally do not afflict an individual
more than once in the course of an epidemic. Individuals may move from one class to another; for
example, an individual may move from the infected class to the removed class upon recovery. Thus, the
model accounts for the interdependency of the different classes within the population. The SIR model can
be modified to account for change in overall population over time; here, however, we look at a model
with a constant population. This assumption is reasonable for low mortality epidemics which run their
course much faster than a human population can reproduce [7].

In a standard SIR model, the host population is divided into susceptible, infected and recovered
individuals, denoted by S(t), I(t) and R(t), respectively. These quantities track the numbers of individuals
in each compartment over different time periods. The standard SIR model without birth and death is
represented by the set of ordinary differential equations:

ds
7 © =—BSOI®

dl
E(t) = BS()I(t) —yI(t) (3)

dR
(O =71

Where Bis the average number of susceptible individuals infected by one infectious individual per
contact per unit of time (the transmission rate), and vy is the average number of infected individuals
recovered per unit of time (recovery rate) [8].

A SHORT REVIEW
[2] to create proper scenarios of disease development in Moscow (the largest number of detected
cases in Russia) and Novosibirsk region (moderate detection rate) is an important step in taking
appropriate measures to curb the epidemic in the regions. inverse problems of finding un known
parameters of mathematical models SEIR-HCD and SEIR-D of COVID-19 spread is investigated with
additional information about the number of detected cases, mortality, self-isolation coefficient, for the city
of Moscow and Novosibirsk region. In SEIR-HCD the population is divided into seven groups, and in
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SEIR-D into five groups with similar characteristics and transition probabilities depending on the specific
region of interest. An identifiability analysis of SEIR-HCD is made to reveal the least sensitive unknown
parameters as related to the additional information and the parameters are corrected by minimizing some
objective functional which is made by stochastic methods (simulated annealing, differential evolution,
and genetic algorithm).

[4] for mathematical modelling of the spread of the Covid-19 epidemic, the application of specific
Covid-19 propagation functions is considered, based on constrained growth functions. The Covid-19
spread functions show high accuracy in approximating statistical data, which demonstrates the good
adequacy of these functions in principle. Application of the Covid-19 propagation functions makes it
possible to quantitatively describe the basic concepts of the epidemic and conduct a comparative
parametric analysis of the epidemic's spread and predict the development of the epidemic. Comparison of
parameter values makes it possible to identify differences in indicators and growth rates, based on which
the results of epidemic control can be assessed.

[8] the accuracy of such dynamics can be significantly is improved by including global effects of
host movements in disease models. The extended SIR model was parameterized using a two-step model-
fitting algorithm. The extended SIR model significantly outperformed the standard SIR model and
revealed oscillatory behaviors with an increasing trend of infected individuals. The extended SIR model
assumes three possibilities for susceptible individuals traveling outside of their community:

* They can return to the community without any exposure to the infection.

* They can be exposed and develop symptoms after returning to the community. as a result of this
model, the analytics and predictive accuracy of disease models can be significantly improved by
incorporating the global dynamics of the infection.

[9], propose a model of the spread of COVID-coronavirus infection in Moscow and in regional
Russia to choose a simplest nonlinear discrete equation describing logistic growth was chosen as the
model which contains only two parameters that are chosen based on statistical data at the initial stage of
the epidemic. The first parameter is a rate of the increase in the number of cases, the second parameter is
a normalization multiplier that only estimates the maximum potential number of residents who may
become ill. Four different scenarios of the epidemic development are proposed for Moscow and regional
Russia. For each scenario, the growth rates of the population infected with COVID-19 coronavirus were
founded, the peak time was calculated, the maximum increase in cases at the peak and the total number of
cases during the epidemic were found. Mathematical modeling of the dynamics of the spread of
coronavirus infection in the regions of Russia showed that it is delayed by 6 days compared to Moscow,
and the growth rates of the number of cases is slightly less than the growth rate in Moscow. The
simulation results were compared with the spread of coronavirus in China, in a number of European and
Asian countries, and the United States to check the adequacy of the mathematical model.

[10] the local and global dynamics of SIR model has been studied with saturated treatment rate and
Beddington-DeAngelis type incidence rate. The analysis of the SIR model shows that there exists only
two non-negative equilibrium points (disease free equilibrium (DFE) and endemic equilibrium (EE)). The
presence of endemic equilibrium point that is not only globally asymptotically stable but is also
independent of the initial values of the susceptible and infected individuals. This refers to the restriction
of the disease within endemic zone. The existence of Hopf bifurcation of model is investigated by using
Andronov-Hopf bifurcation theorem. Further, numerical simulations are done to exemplify the analytical
studies. It has been observed that the number of infected individuals decreases as the treatment rate
increases and a decrease in infected individuals with both decline in incidence rate o and an enhancement
of inhibition rate (preventive measures) i.e., B. The disadvantage is the limitation on resource increases,
this means that for effective treatment the resource limitation should be minimized.

[11] a new mathematical model is proposed that considers the infected individuals using various
rate coefficients such as transmission, progression, recovery, and vaccination. By performing stability
analysis, the equilibrium with proofs, the local and global behavior of the model is discussed. Since the
mathematical model cannot precisely predict the real details of transmission and a better understanding of
the variations in trends of different compartments after the outbreak of the disease, so, the simulations
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with the available data is running. It is concluded that vaccination is one of the best effective strategies or
solutions that is to be adopted so as to have the spread or transmission of epidemic in control.

[12] In order to determine the most efficient strategy that reduce the infection rate to a minimum
level while optimizing the cost deploying a therapy and preventive vaccine that is used to control the
disease progression. The optimal control in epidemics for a SIR model governed by an ODE system with
time delay (representing the incubation period) is developed. Two control strategies in the optimal control
model is used namely: the vaccination and treatment strategies. The optimal control is derived to show the
effectiveness as well as the applicability of the model for different values of the time delay, the first-order
necessary conditions. Also, to show that the model is sensitive to the delays representing the incubation
period, a numerical simulation is performed.

[13], a delayed SIR model with generalized incidence function and distributed delay is analyzed as
the contact between infected individuals and healthy ones does not result in an immediate infection to
reflect the time that it takes to have an infection after the contact. The model also included the two main
types of disease control measures: vaccine and treatment. when the disease is endemic, in the absence of
the vaccination and treatment, then there are two possible scenarios: (a) if the number of susceptible
population is below the threshold, then the disease can be controlled by vaccination and treatment; (b) if
the susceptible population is above the threshold, then the disease will persist in the population. This
finding reflects the limited capability of the control measure to eradicate the disease if the population is
too large.

[14] an SIR model as an extension of the model presented in the work of Ghersheen et all9 is
designed and observed the effect of density dependence population regulation on disease dynamics. The
complete local and global stability analysis of two boundary equilibrium points revealed that, for small
carrying capacity, the disease-free equilibrium point is always stable so a disease cannot persist in a small
population, but for relatively large carrying capacity under some conditions, we have one globally stable
endemic equilibrium point. The existence of an endemic equilibrium point guarantees the persistence of
the disease with a possible future threat of any outbreak in the population. Because the equilibrium point
loses its stability and bifurcates to the coexistence equilibrium point, it is worthwhile to show the
existence of the coexistence equilibrium in that case to understand the complete dynamics of the disease.

[15], a mathematical model of COVID-19 is formulated and discuss the disease free state and
endemic equilibrium of the model. Based on the sensitivity indexes of the parameters, control strategies
are designed to reduce the densities of the infected classes but don’t satisfy the criteria of threshold
condition of the global stability of disease free equilibrium. It is concluded that the disease cannot be
eradicated with present resources and the human population needs to learn how to live with corona
because the endemic equilibrium of the disease is globally asymptotically stable. For validation of the
results, numerical simulations are obtained using fourth order Runge-Kutta method. it is recommended to
address the effect of vaccination on the global stability of disease free state.

[16] David and Lang developed a mathematical model (SIR), for the spread of infectious in a given
population over a time but some more realistic factors have not been accounted for in their model. Their
realistic assumptions will give better understanding of the modelling epidemics if included. The model
gives a reasonable and sound results incorporating the assumptions to enhance the analysis of the spread
of diseases under different conditions. The results show that the modified model proved to be more
efficient than the existing SIR model. However, due to the inclusion of new assumptions to the existing
model, the modified model shows faster decrease in infected population and high recovery rate than the
existing SIR model.

[17] adopted a new COVID-19 SIR model in the form of differential equations containing three
classes; Susceptible S(t), Infected I(t), and Recovered R(t) with the Convex incidence rate and calculate
the disease-free and endemic equilibrium. Also, the basic reproduction number RO is derived for the
model. Furthermore, the Global Stability is calculated using the Lyapunov Function construction, while
the Local Stability is determined using the Jacobian matrix. The numerical simulation is calculated using
the Non-Standard Finite Difference (NFDS) scheme. In the numerical simulation, the data from Pakistan
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to simulate how S(t), I(t), and R(t) protection, exposure, and death rates affect people with the elapse of
time [15]

[18] a discrete logistic equation describing the increase in the number of cases is used to model the
spread of COVID-19 coronavirus in Russian regions and in Moscow, the simulation results were
compared with the spread of coronavirus in China, in a number of European and Asian countries, and the
United States to check the adequacy of the mathematical model. A comparative analysis of growth rates
of COVID-19 infected population for different countries and regions is presented. Various scenarios of
the spread of COVID-19 coronavirus in Moscow and in the regions of Russia are considered. For each
scenario, curves for the daily new cases and graphs for the increase in the total number of cases were
obtained, and the dynamics of infection spread by day was studied. Peak times, epidemic periods. As a
result, the number of infected people at the peak and their growth were determined.

[19] propose a mathematical model is STQIR (Susceptible, Traced, Quarantine, Infectious,
Recovered) model. The form of the model is a nonlinear differential system with five variables. The step
of the method i.e., compute the variables positifity, boundedness of solutions, and the basic reproduction
number that computed using next generation matrix. Then the basic reproduction number will be used for
testing the local stability of the disease free equilibrium using Routh Hurwitz criteria to examine its
epidemiological relevance. This work also investigate the sensitivity of the model with respect to the
variation of each one of its parameters and is tested in application to the recent data on Covid-19 outbreak
in Central Java Province, Indonesia.

[20] the possibility to predict the spread of COVID-19 in Russia is studied to predict the time
instant when the number of infected achieves its maximum (peak). Such a partial prediction allows one to
use simple epidemics models: SIR and SEIR. The prediction is carried out according to public WHO
datasets from March 10 to April 20, 2020. Comparison of forecast results by SIR and SEIR models are
given. In both cases, the peak number of infected persons while maintaining the current level of
quarantine measures is forecasted at the end of May 2020 or later. It coincides with the real data obtained
in May-June, 2020. The results confirm usefulness of simple nonlinear dynamical models for partial
prediction of complex epidemic processes

[21] use a modified system of differential equations constructed according to the SIR
compartmental model. The optimal values of the model parameters, that describe the statistical data
precisely, were found. The analysis of the current situation of the COVID-19 coronavirus epidemic in
China was made, which led to the efficiency mark of the existing measures to struggle against the virus.

CONCLUSION

Epidemic situation analysis with its theoretical back round, decision making, treatment strategies
and many other related things can never be complete without the influence of the analysis made with
numerical data and probabilistic values of the parameters involved. The models may be designed with the
accurate statistics or random data, the associated models determine the measures with analytical and/or
numerical results to deal with a unique model either deterministic or stochastic with an appropriate
method to derive and solve the mathematical formulation of the problem. The SIR family of models are
powerful and flexible tools form understanding the spread of disease and staging public health
interventions. Even the most basic of these models, can give us crucial figures. We can find whether the
epidemic even occurs, the maximum number of infected individuals at any point in time and hence the
severity of the epidemic, and the total number of individuals who get sick over the course of the
epidemic. such as the law of mass action (indicating that disease spread is proportional to the population),
the complete lack of immunity at the beginning of the epidemic, instantaneous infection (no latency
period), and the short duration of the disease relative to lifespan.
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